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Rotational superradiance is one of the most fascinating phenomena in black-hole physics. Here,
with the aim of probing quantum properties of superradiance in the lab, we investigate the in-
teraction of the acoustic waves with quantum vortices in Bose-Einstein condensates (BEC) in the
framework of dissipative mean-field model. We find the conditions of the acoustic-induced quantum
phase slips in condensates with ring topology and discuss the possibility of observing an acoustic
analogue of quantum superradiance in ultracold atomic gases.
I. INTRODUCTION
Rotation of any macroscopic body with internal de-
grees of freedom could amplify incident radiation. It is
a generic process with energy transfer from one medium
to another. Superradiance is a process of the amplifi-
cation of some modes of a scattering wave (amplitude
increase with constant frequency) after the scattering on
a rotating object. Such a phenomenon exists in differ-
ent variations in quantum mechanics, astrophysics and
relativity[1].
In relativity, superradiance is intimately connected to
tidal acceleration. As superradiance is related to rotation
energy transmission, it does not necessarily have to be
only relativistic phenomenon and is predicted in Newto-
nian dynamics as well [2, 3]. Rotational superradiance in
curved spacetime has been described by Yakov Zeldovich
[4, 5]. Quantization of this process makes rotating ob-
jects spontaneously radiating. A very similar mechanism
is the cause of the black hole evaporation, even in the
absence of rotation [6, 7].
Superradiance has been predicted theoretically and ob-
served experimentally in many classical and quantum
physical systems [2, 8–12]. As known, circulations in su-
perfluids are quantized, and amplification cannot happen
without decay of persistent current (reducing of topolog-
ical charge) [13]. Phase slips in toroidal condensates [14–
16] are accompanied by vortex transfer to the condensate
periphery. There vortex decays and the rotational en-
ergy of the superflow converts into acoustic waves. Thus,
acoustically driven phase slips can be treated as quan-
tum analogue of rotational superradiance. Acoustic wave
dynamics and interaction with a vortex are quite simi-
lar in the classic [17, 18] and quantum [19–22] systems.
However, it is worth to mention that for the strong per-
turbations shock waves appear instead of acoustic waves
[23]. Acoustic wave interaction with vortex in BEC is
dramatically affected by quantization of angular momen-
tum. Here we address the following question: how does
quantum nature of the vortices in BEC influence the su-
perradiance?
A very recent experiment [8] in the water tank demon-
strated the amplification of surface waves after scattering
on draining vortex. Amplification also depends on the
FIG. 1. Schemes of the BECs used for investigation of the
vortex-sound interaction. (a) Toroidal condensate perturbed
by wide Gauss-like potential. (b) Perturbation amplitude
changing with time: oscillating until the moment Toff , then
exponentially fast turns off and let the system relax before
the final state measuring at the moment Tfin. (c) Elongated
condensate tightly confined on z-direction, trapped in a box-
like potential on x-direction, and parabolic potential on y-
direction, with a mini-trap and the main axis for keeping a
vortex thread. Black dashed lines represent the main axes of
the single-charged imprinted vortex threads and red arrows
indicate the flow direction. The blue walls are disturbing po-
tentials that play the role of an acoustic wave generator.
angular velocity of the vortex [24, 25]. In homogeneous
infinite condensate quantum superradiance is forbidden
[26]. Furthermore, in the fluid, the drain is not always
required for a vortex for superradiant sound scattering;
this effect may occur even when the fluid density drops
to zero at the vortex core [27].
Here we investigate a quantum analogue of the experi-
ment [8] and suggest a setup for observation of quantum
superradiance in ultracold atomic gases. We study the
interaction of acoustic waves with a vortex trapped in
a toroidal trap and quasi-2D and 3D geometry with a
mini-trap on the main axis for holding vortex thread.
Our paper is organized as follows. In Sec. II, we define
the model we use to investigate the system. In Sec. III
we investigate dissipative Bose-Einstein condensate in a
toroidal trap with additional external oscillating poten-
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2tial and with an imprinted vortex in purpose to explore
the superradiance effect and its quantized properties. In
Sec. IV, neglecting the noise, we investigate the influence
of the dissipation parameter γ on damping decrement Γ
for acoustic waves extending along the 2D and 3D elon-
gated condensates. On the main axis of the oblong con-
densate, with a Gauss-like potential, we create a trap
smaller than a transverse width of the condensate with
the imprinted vortex in it. We study a parametric area
of acoustic wave’s amplitude and frequency for observing
vortex emission from the trap. We summarize our results
in the concluding Sec. V.
II. MODEL
In the mean-field approximation, the dynamics of a
system of weakly interacting degenerate atoms at fi-
nite temperature is describing by the dissipating Gross-
Pitaevskii equation (dGPE):
(i− γ)h¯∂ψ(r, t)
∂t
=
(
− h¯
2
2M
∆ + Vext(r, t)
− µ+ g|ψ(r, t)|2
)
ψ(r, t).
(1)
Here ψ is a complex wave function of the conden-
sate, µ is a chemical potential of the condensate, γ is
a phenomenological dissipation parameter and for phys-
ical systems γ  1, for more complex models param-
eter γ connected to the temperature of the condensate
via fluctuation-dissipation theorem, g = 4pih¯2as/m is
the coupling strength, m is the mass of the 23Na atom,
as = 2.75 nm is the s-wave scattering length, h¯ is re-
duced Planck constant. Vext(r, t) is an external potential
contains of two parts: static harmonic trap Vtrap(r) and
dynamic perturbation Vpert(r, t).
To find initial stationary ground state ψGS we solve Eq.
(1) without perturbing potential (Vpert(r, t) = 0) start
with a random complex wave function ψ(r, t) and use
imaginary time propagation method. The essence of the
method lies in the fact that evolution occurs in complex
time (Wick rotation at the angle pi/2). Imaginary time
propagation essentially implements the steepest descent
method in the energy space [28].
To find the numerical solution of the deterministic
GPE (1) we use the split-step Fourier transform method
[29, 30]. In all our simulations, the initial states have per-
sistent current (single-charged vortex thread). To get this
state, we imprint vortex into stationary solution without
rotation using the following ansatz:
ψ(x, y) = AψGS(r) · {tanh {ρ/ξ}}|m| eimθ, (2)
where A is a normalization constant introduced to pre-
serve the number of atoms, m is the topological charge
of the imprinted vortex line (m = +1 for a single charged
vortex and m = −1 for a single charged anti-vortex re-
spectively), (ρ, θ) coordinates of the imprinted vortex in
FIG. 2. Final angular momentum per atom Lz/N in torus
for two different strength of dissipation (a) at the end of 2
sec evolution (perturbing potential is oscillating for 1.5 sec
with frequency Ω and amplitude Ub and then 0.5 sec relax-
ation without perturbation) of system with weak dissipation
γ = 0.001 and (b) at the end of 3 sec evolution (perturb-
ing potential is oscillating for 2 and then relaxing during 1
sec) with dissipation γ = 0.0025. Orange homogeneous area
shows stable region where decay of single-charged persistent
current under the influence of acoustic waves doesn’t happen.
Non-integer values of the angular momentum mean that at
the time of the end of evolution, not all vortices/antivortices
left the annulus. The key stages of evolution with perturbing
parameters that correspond to white circles are shown in Fig.
4. Full simulations for parameters SV5, SV6 and SV7 can be
found in supplemental material videos.
polar coordinate system, and ξ is the healing length in
the point of highest density of the condensate. We as-
sume that the vortex line is parallel to the z-axis.
To improve the vortex form, we apply the imaginary
time propagation method with a little number of iter-
ations to all states with imprinted vortices, taking into
account that the ITP decreases the state energy [31]. We
have found that the coordinates of the vortex cores do not
change significantly during the short imaginary time evo-
lution, while the density shape near the vortices changes
considerably [32].
3FIG. 3. Final angular momentum per atom Lz/N in torus at
the end of 3 sec evolution (perturbing potential is oscillating
for 2 and then relaxing during 1 sec) with dissipation γ =
0.0025 For two different rings: (a) N = 6 · 105, (ωr, ωz) =
2pi · (123, 600) Hz, R = 47.12 µm; (b) N = 2 · 105, (ωr, ωz) =
2pi · (60, 2400) Hz, R = 52.04 µm. Orange homogeneous area
shows stable region where decay of single-charged persistent
current under the influence of acoustic waves doesn’t happen,
black dashed line shows critical frequency.
III. WAVE PROPAGATION IN TOROIDAL 3D
CONDENSATE
We consider toroidal BEC of N = 6 · 105 atoms in the
harmonic trap with frequencies (ωr, ωz) = 2pi · (123, 600)
Hz, and peak-density ring radius R = 19.23 µm; two-
particle interaction parameter g = 0.018, and dissipation
parameter γ = 0.001. We use these physical parameters
because they are related to the experiment with the same
geometry (see Ref. [14]).
Dissipative system is non-conservative; therefore,
chemical potential µ(t) is adjusted after each step to
conserve number of particles N . The external potential
consists of static harmonic trap and periodic quantum-
mechanical ”piston” perturbation See Fig. 1 (a). Trap-
ping potential is harmonic on r and z directions:
Vtrap(r) =
Mω2r(r −R)2
2
+
Mω2zz
2
2
. (3)
The perturbation potential is periodic in time (turns
off after the moment toff ) wide elliptical Gauss-like beam
(See Fig. 1 (b)) which main axis is tangent to the outer
ring of the torus:
Vper(r, t) = αUb exp
{
− x
2
wx2
− (y −R2)
2
w2y
}
sin(Ωt), (4)
where Ub is the amplitude of the perturbation, r =√
x2 + y2, R2 is estimated outer Thomas-Fermi radius
of the tor, parameters wx = 2R2 and wy = R2 −R make
perturbation thin in x-direction and wide in y-direction,
α(t) =
{
1, t ≤ toff
e−400(t−toff ), t > toff
(5)
In our simulations we use physically small parameter
γ = 0.001 that provides relaxation of the system but
does not remove short-wavelength excitation as can be
seen in Fig. 4 (a). Value of dissipation parameter γ does
not significantly effect the edge of phase-slip, as it can
be seen in Fig. 2 where map of after-evolution angular
momentum per atom Lz/N is shown in the same system
with the same perturbation both with different dissipa-
tion parameter γ = 0.001 and γ = 0.0025. It mostly
effects short-wavelength excitation and time of system’s
relaxation after turning off the ”piston”.
We have made numerous simulations for multi-charged
systems. Such systems may be unstable and decay with
time [15]. Presence of static repulsive potential destroys
the axial symmetry and creates a weak-link in the energy
barrier that separates states with different topological
charge decreasing stability level comparing to the ’per-
fect’ ring. In a static system with perturbing potential
locked at its highest amplitude, the last stable rotating
state has topological charge 7. Oscillations lead to de-
cay of persistent current as in the case of single-charged
systems, but its behavior is more spontaneous and un-
predictable.
Three frequencies characterize our system: the rota-
tional quantum, the critical frequency for inner and outer
surface modes excitation, and the angular frequency of
sound propagating around the ring. The rotational quan-
tum is defined via parameters of the system: Ω0/2 · pi =
h/MR2 ≈ 1 Hz. The critical frequency can be ob-
tained from the analysis of small azimuthal perturbations
around the stationary state [33], and it gives (in dimen-
sionless units) Ωc/2·pi ≈
√
2ωrµ
1/6/(R+∆R/2) ≈ 17 Hz,
where ∆R is a radial width of the ring in dimensionless
units. For over-critical frequencies we observe massive
vortex nucleation (see Fig. 4 (a)). The speed of sound
in a uniform superfluid fluid at T → 0 is c = √gn/M ,
4FIG. 4. Snapshot series (a) and (b) show density and phase distribution evolution of the 3D toroidal condensate (in slice z = 0)
with periodic perturbation. Both series of shots correspond to the same amplitude of perturbing potential (Ub/µ = 0.35) but
different frequencies that are marked as white circles in angular momentum per atom diagram (see Fig. 2). White crosses
in phase profiles show the cores of the vortex threads, white circles - cores of antivortex threads. Time is shown in the left
bottom corner of each density profile. (a) evolution in unstable area Ω = 195 Hz: Perturbing potential excites large number
of vortex-antivortex pairs on inner surface of torus; (b) evolution in stable area Ω = 155 Hz: Perturbing potential may excite
some vortices but they do not demonstrate complicated dynamics and do not destroy persistent current.
where n is a peak density. From here we obtain the an-
gular frequency of sound propagating around the ring
Ωs/2 · pi ≈ 35 Hz. Our model works well until the fre-
quency of perturbation is noticeably below the angular
frequency of sound; however, when the frequency exceeds
it, we have shock waves and vortex turbulence.
The phase-slip edge has clear peak around critical fre-
quency Ωc - narrow frequency domain in approximately
5 Hz where persistent current decay under the influ-
ence of perturbations with smaller amplitudes (see Fig.2
(b)). In Fig. 3 shown phase-slip edge for two different
larger ring with smaller critical frequency. (N(a), N(b)) =
(6, 2) · 105 atoms in the harmonic trap with frequencies
(ωr(a), ωz(a), ωr(b), ωz(b)) = 2pi · (123, 600, 60, 2400) Hz,
and peak-density ring radius (R(a), R(b)) = (47.12, 52.04)
µm; two-particle interaction parameter g = 0.018, and
dissipation parameter γ = 0.0025, critical frequency es-
timation that comes from surface model (Ωc(a),Ωc(b)) ≈
5FIG. 5. Damping decrement Γ for acoustic waves in
two(three)-dimensional elongated BEC as a function of the
dissipation parameter γ. Red circles show results of 2D nu-
merical simulations, dashed red line corresponds to the func-
tion Γ2D = γ/2ξ where ξ2D = 0.177µm is healing length
in 2D system. Green squares show results of 3D numerical
simulations, dash-dot green line corresponds to the function
Γ3D =
√
2γ/4ξ, ξ3D = 0.192µm - healing length in 3D system.
2 ·pi(8.5, 6.1) Hz. In both cases there is a noticeable or at
least slightly noticeable peak near the critical frequency.
Our simulations uncovered some problems in this con-
figuration. The main problems are wave reflection and
interference. The time of reaction on perturbation is
quite long (a few seconds). The size of the inner circle
is big enough to contain many surface modes, and it is
the cause of nucleation of a huge number of vortices and
antivortices at over-critical frequencies of the perturb-
ing potential. In general, the results are not sufficient
enough, they only provide us the edge of persistent cur-
rent stability area but the final state of evolution beyond
it is unpredictable.
To minimize all these factors, we consider a system
with the same topology but in geometry more similar to
the experiment [8]. More on this in the next section.
IV. WAVE PROPAGATION IN ELONGATED
2D/3D CONDENSATE
In this section we study analogy of water tank: we have
elongated along the x-axis tiny two-dimensional conden-
sate and pinned in the mini-trap on the x-axis vortex
thread (See Fig. 1 (c)). Here we can avoid a limita-
tion of the annulus and neglect the interference. In case
when the transverse frequency of harmonic trap is high
compared to the radial ones ωz  (ωx, ωy) the conden-
sate has a plane-shaped form and can be described by
quasi-two-dimensional (2D) wave function Ψ(x, y, t). We
assume that the elongated system is tightly confined in
a z direction. Therefore, the transverse motion of con-
densate is frozen, and the wave function in Eq. 1 can be
separated into two parts:
ψ(r, t) = Ψ(x, y, t)Ξ(z, t), (6)
FIG. 6. The edge of phase-slip area in space of acoustic wave’s
parameters (frequency Ω and amplitude Ub). Phase-slip hap-
pens (vortex leaves the mini-trap under the influence of acous-
tic wave) in dashed brown area of {Ω, Ub} parameters. Inset
shows the detailed map of final topological charge of mini-trap
from small area of parameters bordered with black dashed
line. The key stages of evolution with perturbing parameters
that correspond to black triangles are shown in Fig. 7. Full
simulations for parameters SV1, SV2, SV3 and SV4 can be
found in supplemental material videos.
where Ξ(z, t) = (pilz)
−1/2 exp
(−iωzt/2− z2/2l2z) is the
ground state wave function in the oscillatory potential
Vz(z) = Mω
2
zz
2/2. Here lz =
√
h¯/(Mωz) is an oscillatory
length in the z direction.
In order to ignore interference effects, we first need to
configure the system the way not to let reflected waves
interact with a vortex thread. For this purpose we con-
sider two-dimensional elongated along the x-axis BEC of
N = 1.8 · 105 atoms trapped in harmonic potential in
a transverse direction with ωy = 2pi · 600 Hz and in a
box-like potential in a longitudinal direction:
Vtrap(r, t) =
Mω2yy
2
2
+ U0 [2− tanh (x) + tanh (x− L)] ,
(7)
where L is the length of the condensate on x direction is
comparable with a size of the chamber from the previous
section L ≈ 60µm, and U0 is the depth of the box-like
potential on x-direction. As a source of acoustic waves
we use periodic in time Gauss-like perturbation localized
around the left edge of the box-like potential:
Vpert(r) = Ub exp
{
− (x− x0)
2
∆2
}
sin(Ωt), (8)
where Ub is the amplitude of the perturbation, x0 is co-
ordinate of the center of the potential, ∆ - the width
of the potential, and Ω - frequency of the perturbation.
6FIG. 7. Snapshots (a)-(f) show density and phase distribution evolution of the 2D elongated condensate with periodic pertur-
bation. Both series of shots correspond to the same amplitude of perturbing potential (Ub/µ = 0.48) but different frequencies
that are shown as black triangles in phase-slip diagram (see Fig. 6). White crosses in phase profiles show the cores of the
vortex threads. Time is shown in the right bottom corner of each density profile. (a)-(c) evolution in area over bottom-edge
and under top-edge Ω = 2pi · 56 Hz: Vortex emits from the mini-trap and converts into outer surface modes; (d)-(f) evolution
in area over top-edge Ω = 2pi · 417 Hz: Vortex-acoustic wave interaction induce outer surface excitation but vortex emission
doesn’t occur even in turbulent regime of perturbing potential.
Due to the dissipation, acoustic waves are damping with
distance as e−Γx. To find the relation between the dis-
sipation parameter γ and logarithmic decrement Γ, we
numerically solve the Eq. 1 for single-period excitation.
Also, dissipation causes a loss of particles during evolu-
tion, so the chemical potential µ(t) is adjusted at each
time step such that the number of condensed particles
remains N . For a set of different γ we save coordinate
of density maximum each moment assuming that is the
center of the acoustic wave. From these data, we can
calculate decrement Γ and build γ of Γ relation in Fig. 5
as black solid circles.
Keeping the length of the condensate constant, we
choose the dissipation parameter γ = 0.0175. For study-
ing acoustic wave - vortex interaction, it is necessary to
pin the vortex thread; otherwise, it will not remain in an
unstable region of peak density. Therefore, to the trap-
ping potential, we add additional Gauss-like mini-trap
potential for keeping imprinted vortices inside of it:
Vmt(r, t) = Umt exp
{
− (x− lmt)
2 + y2)
R2mt
}
, (9)
where Umt is a depth of the mini-trap (Umt >∼ µ), lmt
is the distance from the edge of the condensate to the
center of the mini-trap, Rmt is a radius of the mini-trap
for imprinted vortex. The size of the trap is very small
≈ 1µ m in diameter. The main benefit of such a small
size is that the only one surface mode can be excited
instead of the torus case when the inner ring surface is a
massive vortex factory.
7FIG. 8. Topological charge of mini-trap in 3D elongated condensate after 0.055 sec evolution without turning off the per-
turbation. Systems with two different configurations of transverse trap frequencies and number of atoms (a) N = 2.9 · 105,
(ωy, ωz) = 2pi · (123, 600)Hz and (b) N = 8.3 · 105, (ωy, ωz) = 2pi · (123, 425)Hz
In this configuration, acoustic wave - vortex interaction
happens much faster and more clear. It always takes a
few dozens of µs, and the final state is well-defined. If
there is enough energy for exciting inner circle surface
mode and emit the vortex, it happens when the first front
of the acoustic wave reaches the vortex thread. After
leaving the mini-trap, vortex moves to the left(right) edge
of the condensate (to the source of perturbation), and
when it gets to the low-density area, converts into outer
surface mode (see Fig. 7 (a-c)).
Unlike the previous section where we were calculating
angular momentum per atom for finding the edge of per-
sistent current stability, here we detect vortex cores in a
small area with a center in the mini trap. The edge of
vortex emission from mini-trap is shown in Fig. 6.
The area of amplitude and frequency of the perturba-
tion, which can cause vortex emission, is bounded both
by the top and bottom perturbation frequency, as is
shown in Fig. 6. For frequencies above the top edge
of phase slips the excess energy goes to the creation of a
dipole, which almost instantly annihilates with the emis-
sion of a sound wave, which can be seen in Fig. 7 (f);
therefore, this secondary acoustic wave may amplify some
modes of initial acoustic wave.
Same has been done in elongated 3D system when z-
direction is not frozen (in harmonic trap on y and z di-
rections and in box-like on x direction). Area of pertur-
bation parameters that lead to vortex emission is shown
in Fig. 8. In low frequency/amplitude regime system
demonstrates good match with 2D case. More cylinder-
like high-density system (b) for high frequencies and am-
plitudes demonstrates shock wave behavior and vortex
turbulence similar to [34].
V. CONCLUSIONS
We have investigated persistent current decay driven
by acoustic waves in trapped ultracold gases with ring
topology. The phase slips are studied in 3D toroidal trap,
quasi-2D and 3D elongated condensate with vortex lines
pinned in a density dips. In all considered cases, acoustic
waves were created by the amplitude-modulated repul-
sive beam.
Firstly, in the 3D case, it has been found out that
the phase-slips can be induced by the acoustic perturba-
tions; however, the wave reflection and interference in-
fluence the system essentially. Therefore, even though
there is a visible edge of persistent current stability, well
above this threshold the final states of the condensate be-
come practically unpredictable. In toroidal geometry, the
system reacts slowly to excitation and due to the pres-
ence of many vortices dynamics are complicated. Dissi-
pation eliminates small-scaled noise, but it cannot solve
the problem of interfering with a reflected wave: weak
dissipation does not remove even short-wavelength exci-
tations, strong dissipation quenches the waves amplitude
on scales much smaller than the size of the inner ring and,
therefore, cannot lead to decay of persistent current.
On the other hand, the elongated quasi-2D system
shows the reliable edge of the phase-slip area in space
of acoustic wave parameters (frequency and amplitude).
An interesting feature has been observed: the area of
phase-slip existence is bounded by the top and bottom
wave frequency for the same wave amplitude and this
effect might find an application in atomtronics for devel-
oping residual-current devices in BEC by analogy with
electrical devices but for frequency instead of voltage.
It is worth mentioning that the system remains stable
for high out-of-edge frequencies. When side perturba-
tion switches to turbulent regime, it excites outer-surface
modes and vortex turbulence. The imprinted vortex
thread interacts with them creating dipoles that imme-
8diately annihilate with sound emission (that might am-
plify initial wave) but itself remains locked in mini-trap.
The vortex thread can also be emitted with turning into
outer surface mode later. Unlike the classic water tank
experiment [8] a quantum vortex in BEC has a small en-
ergy. Thus, it may require the use multicharged persis-
tent currents for experimental observation of amplifica-
tion of acoustic waves in ultracold atomic gases. We hope
the results described here can provide a further research
direction for studies of quantum properties of rotational
superradiance in BEC.
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